
Group Testing with Multiple

Mutually-Obscuring Positives

Hong-Bin Chen1 and Hung-Lin Fu2

1 Institute of Mathematics, Academia Sinica, Taipei 10617, Taiwan
hbchen@math.sinica.edu.tw

2 Department of Applied Mathematics, National Chiao Tung University, Hsinchu
30050, Taiwan

hlfu@math.nctu.edu.tw

In memory of a great mathematician and information scientist Rudolf Ahlswede

Abstract. Group testing is a frequently used tool to identify an un-
known set of defective (positive) elements out of a large collection of
elements by testing subsets (pools) for the presence of defectives. Vari-
ous models have been studied in the literature. The most studied case
concerns only two types (defective and non-defective) of elements in the
given collection. This paper studies a novel and natural generalization of
group testing, where more than one type of defectives are allowed with an
additional assumption that certain obscuring phenomena occur among
different types of defectives. This paper proposes some algorithms for
this problem, trying to optimize different measures of performance: the
total number of tests required, the number of stages needed to perform
all tests and the decoding complexity.
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1 Introduction

The classical group testing problem is described as follows: Given a set N of n
items consisting of two types of items, a set P of positive items with |P| ≤ d and
the others being negative items, the goal is to identify P in an efficient manner
by using group tests. A test (pool) can be applied to any subset of items in
N with two possible outcomes: a negative outcome indicates that there is no
positive in the test while a positive outcome indicates that at least one positive
is in the test. The concept of group testing originated from the application of
blood testing during World War II. Afterwards, it has been also found applica-
tions in molecular biology, including screening clone libraries [3], sequencing by
hybridization [31], yeast one-hybrid screens [36], and recently, the mapping of
protein-protein interactions [37]. Additionally, group testing has proved relevant
in other fields such as multiple access communication [4], image compression [27]
and more recently data gathering in sensor networks [28]. For general references,
readers may refer to the books [18,19].
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Due to a diversity of its applications, there has been many models that
were proposed and studied in the literature. For example, the inhibitor mod-
el [5,6,8,26] where the presence of an inhibitor can somehow cancel the effect
of positive elements, the complex model [1,2,10,12,35] where positive reactions
are caused by certain sets of elements rather than a single one of elements, the
threshold model [9,15,11,17] where two thresholds are given for the conditions
of positive reactions and negative reactions to occur, the interference model
[7,16,20] where two or more positive elements appearing in a pool can inter-
fere with each other so that the positive reaction cannot be detected, and more
others.

In this paper we study a generalization of group testing as follows. Con-
sider a set N of n items which is known to contain s types of positive items
P1, P2, · · · , Ps, where |Pi| ≤ pi, and the others being negative items. The task is
to classify all items in N with as few tests as possible. For a test Q ⊆ N , define

IQ ≡ {i : Q ∩ Pi �= ∅}.
Then the outcome of a test Q will be given according to the following rules:

– If IQ = {i}, then the response will be “i-positive”.
– If IQ = ∅, then the response will be “negative”.
– If |IQ| ≥ 2, then the response can be either “negative” or be “i-positive” for

some i ∈ IQ (not knowing which i).

For example, given a test Q with IQ = {1, 3, 4}, the outcome of the test Q can
be any and exactly (but not knowing which) one of the four cases: negative,
1-positive, 3-positive and 4-positive. We refer to this problem as the Multiple
Mutually-Obscuring Positives (MMOP) problem. Obviously, for the case s = 1,
the MMOP problem is exactly the same as the classical group testing. For the
case s = 2, it is coincident to the coin-weighing problem with test-type device
(such as a spring balancer or electronic scale) where, given a set of coins and
some of them are counterfeit (too heavy or too light), the task is not only to
identify all counterfeit coins but also to make them classified as heavy or light.
Notably, the MMOP problem is not a generalization of the “mutually-obscuring
problem” discussed in [7,16,20].

In this paper, we provide a unified technique to deal with the MMOP problem
for general s. In the next section, we propose an efficient nonadaptive algorithm,
i.e., all tests are set up in advance and thus can be performed simultaneously
without any information of outcomes of other tests. In particular, the proposed
algorithm can be decoded in polynomial time. Section 3 provides a 2-stage al-
gorithm for this problem. Instrumental to the result is based on a combinatorial
structure, (k,m, n)-selector, first introduced by De Bonis, Ga̧sieniec and Vac-
caro [6] in the context of designing efficient trivial 2-stage pooling strategies on
the classic pooling design problem. We propose a new point of view for the
mentioned selectors. This enables us to construct the combinatorial tool eas-
ily. Probabilistic constructions are provided and numerical results show that
our constructions are slightly better than the currently best known result by De
Bonis et al. [6].
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2 Nonadaptive Algorithms

In order to present our results, we now introduce some notations and defini-
tions. Note that n and pi’s are given in advance and we assume

∑s
i=1 pi 	 n.

Throughout this paper, a pooling design is represented by a 0-1 matrix M where
columns are the set of objects, rows are the set of tests, and cell (i, j) = 1 sig-
nifies that the j-th object is in the i-th test and (i, j) = 0 for otherwise. For
convenience, a column (row) can be treated as the set of row (column) indices
where the column (row) has a 1, respectively. For any two columns C and C′,
we denote C ∪ C′ as the boolean sum of C and C′. We say that a set X of
columns appears (or is contained) in a row if all columns in X have a 1-entry
in the row. A pool is called an i-positive pool if its outcome is i-positive, and
a non-i-positive pool if it is not i-positive. For a column C, denote by ti(C)
the number of i-positive pools in which column C appears. Likewise, denote by
t̄i(C) the number of non-i-positive pools in which column C appears.

Consider a fixed family T = {T1, T2, · · · , Tt} with Ti ⊆ N , 1 ≤ i ≤ t. Let Ri,
1 ≤ i ≤ s, be arbitrary disjoint subsets of N and let J = ∪s

i=1Ri. We define the
syndrome vector of J in T by φT (J) = (φ1(J), φ2(J), · · · , φt(J)), where

φj(J) = {i : Tj ∩Ri �= ∅}.

For any two distinct J0 and J1, we say their syndromes φT (J0) and φT (J1) are
different, denoted by φT (J0) �∼ φT (J1), if and only if there exists some j ∈ [t]
and i ∈ {0, 1} such that φj(J1−i) = {k} for some k ∈ [s] and k �∈ φj(Ji). Denote
by φT (J0) ∼ φT (J1) if they are coincident (not different).

Definition 1. Let T = {T1, T2, · · · , Tt} with Ti ⊆ N , 1 ≤ i ≤ t. We say the
family T is MMOP-separable if

φT (J0) �∼ φT (J1)

for any two distinct J0, J1 ⊆ N with J0 = ∪s
i=1R

0
i and J1 = ∪s

i=1R
1
i , where R�

i ’s,
� ∈ {0, 1}, are disjoint subsets of N and |R�

i | ≤ pi for 1 ≤ i ≤ s.

Lemma 1. MMOP-separability is a sufficient and necessary condition for the
MMOP problem.

Proof. The lemma follows by definition immediately. �
We first present a lower bound on the number of tests required for any non-

adaptive algorithms for the MMOP model. This lower bound is obtained by
establishing a connection to disjunct matrices (equivalently, superimposed codes
or cover-free families).

Definition 2. [30] A binary matrix is called d-disjunct if for any d+1 columns
C0, C1, · · · , Cd,

∣
∣
∣
∣C0 \

d⋃

i=1

Ci

∣
∣
∣
∣ ≥ 1.
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It is well-known [21] that disjunct matrices of size t× n have a lower bound t =
Ω(d2 logn/ log d) and an upper bound t = O(d2 log n). The literature contains
many studies (see [19] and references therein) on the construction of disjunct
matrices (sometimes called superimposed codes and cover-free families). One of
the most common approaches is to control the number of intersections of any
two columns to guarantee the disjunctness property. For recognition, we refer
disjunct matrices with this particular structure as “w/λ-disjunct”.

Definition 3. [30] A binary matrix is w/λ-disjunct if the following properties
both hold: (1) every column has more than w 1-entries; (2) any two distinct
columns intersect at no more than λ rows.

It is easy to see that an w/λ-disjunct matrix is �w
λ -disjunct and so has the lower

bound Ω(d2 logn/ log d) on the number of rows where d = �w
λ . Previous results

[21,22,29,13,14,32] have also shown that this particular structure can achieve
the best known upper bound O(d2 logn) on the number of rows for d-disjunct
matrices.

For short, let d =
∑s

i=1 pi in the rest of the paper. Note that asymptotic
results presented in the paper are under the assumption that d is constant and
n approaches to infinity.

Theorem 1. Let N be a set of n items which is known to contain s types
of positive items P1, P2, · · · , Ps, where |Pi| ≤ pi, and the others being nega-
tive items. Then any nonadaptive algorithm for the MMOP problem requires
Ω(d2 logn/ log d) tests to classify all positive items.

Proof. To prove this theorem, it suffices to show that MMOP-separable implies
(d − 1)-disjunct. Then, by Lemma 1 and the well-known lower bound for dis-
junct matrices, we get the desired bound. Suppose to the contrary that there
exists a family T = {T1, T2, · · · , Tt} of subset of N and its corresponding matrix
M is not a (d − 1)-disjunct matrix of size t × n. Then there exist d columns

C0, C1, · · · , Cd−1 in M such that |C0 \
d−1⋃

j=1

Ci| = 0. That means for every row

Ti where C0 appears there exists some j ∈ {1, 2, · · · , d − 1} such that Cj al-
so appears in the row Ti. Consider the two subsets J0 = {C1, · · · , Cd−1} and
J1 = {C0, C1, · · · , Cd−1}. Then, obviously, J0 and J1 are distinct but their syn-
dromes φT (J0) and φT (J1) are not different, i.e., there does not exist j ∈ [t] and
i ∈ {0, 1} such that φj(J1−i) = {k} for some k ∈ [s] and k �∈ φj(Ji). Thus, by
Lemma 1, the (d− 1)-disjunctness is a necessary condition for any nonadaptive
strategy and the bound follows immediately. �

Next, we propose a nonadaptive algorithm for the considered problem. In par-
ticular, our algorithm can be decoded in polynomial time to recover all positives
from outcomes.

Theorem 2. Let N be a set of n items which is known to contain s types of
positive items P1, P2, · · · , Ps, where |Pi| ≤ pi, and the others being negative
items. A (w/λ)-disjunct matrix of n columns with w/λ > d can solve the MMOP
problem using O(d2 log n) tests and O(d2n logn) time.
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Proof. Let M be a (w/λ)-disjunct matrix of n columns with w/λ > d and use
it as the pooling design. Consider an arbitrary Pi for some i and let Ri be an
element in Pi. Observe that Ri appears in a non-i-positive pool only when the
pool contains another item Rj ∈ Pj for some j �= i. Since M is a (w/λ)-disjunct
matrix, we have that t. ī(Ri) ≤ λ

∑

k �=i

pk. For an item C �∈ Pi, C appears in an i-

positive pool only when the pool contains some items of Pi. Hence, we conclude
that t̄i(C) ≥ w − λpi since M is (w/λ)-disjunct.

By the above discussion along with the condition w/λ > d, we have that

t̄i(Ri) ≤ λ
∑

k �=i

pk < w − λpi ≤ t̄i(C)

for any Ri ∈ Pi and C �∈ Pi. Thus, we can separate all items in Pi from those
not in Pi through counting t̄i(C) for each C ∈ N . Since Pi is chosen arbitrarily,
all items in N can be classified in a similar way.

For the decoding issue, our algorithm only needs to compute t̄i(C) for each
item C in N . This can be done easily by going through each entry in the column
C once. Hence, the decoding complexity is at most O(d2n logn) time. �

The following is the pseudo code of our decoding algorithm.

Algorithm 1 CLASSIFICATION

1: Use a (w/λ)-disjunct matrix with w/λ >
∑s

i=1 pi as a pooling design.
2: Pi ← ∅, for 1 ≤ i ≤ s.
3: for each item C ∈ N do
4: if tī(C) ≤ λ

∑

j �=i

pj for some i then

5: Pi ← Pi ∪ {C}
6: Return Pi for 1 ≤ i ≤ s.

3 A 2-Stage Algorithm

Theorem 1 shows that any nonadaptive algorithm for the MMOP problem re-
quires Ω(d2 logn/ log d) tests. However, the information-theoretic lower bound
for algorithms without any constraint on the number of stages reduces down
to logs+1

(
n
d

)
= Θ(d log(n/d)/ log(s + 1)). This section shall provide a 2-stage

algorithm for the MMOP problem that uses O(d log(n/d)) tests.

Definition 4. [6] Given integers k,m and n with 1 ≤ m ≤ k ≤ n, we say that
a binary t × n matrix M is a (k,m, n)-selector if any submatrix of M subject
to k out of n arbitrary columns contains at least m distinct rows of the identity
matrix Ik.
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The integer t is called the size of the (k,m, n)-selector. Denote by ts(k,m, n)
the minimum size of a (k,m, n)-selector. De Bonis, Ga̧sieniec and Vaccaro [6]
suggested a way to construct a (k,m, n)-selector by searching for a vertex cover
on a properly defined hypergraph and derived the following result, which is the
best known asymptotical bound.

Theorem 3. [6] For any integers k,m, n with 1 ≤ m ≤ k < n,

ts(k,m, n) <
ek2

k −m+ 1
ln(n/k) +

ek(2k − 1)

k −m+ 1
,

where e is the base of natural logarithm.

By definition, we have the following result immediately.

Lemma 2. A (k,m, n)-selector is a (k − i,m − i, n)-selector for any integer i
with 1 ≤ i ≤ m− 1.

Theorem 4. For all integers n and k with n ≥ k ≥ 2d, there exists a two-
stage group testing algorithm for the MMOP problem that classifies all types of
positives, and uses at most ts(k, 2d− 1, n) + k − d tests.

Proof. Our algorithm works as follows. In the first stage, we test the pools
associated with rows of a (k, 2d− 1, n)-selector M satisfying n ≥ k ≥ 2d to find
a set D′ of at most k−d suspicious candidates. In the second stage, all suspicious
candidates are tested individually and simultaneously so as to classify all types
of positives. To complete the proof, it suffices to show that after the first stage
we can determine such a set D′ that contains all positives with |D′| ≤ k − d.

Let D be the set of actual positive items and let J be the set of the column
indices associated with the set D. Suppose that there are exactly y pairwise
distinct sets J1, J2, · · · , Jy of suspicious candidates and each of whose syndrome
vectors agrees with the set D of all positives. Notice that |Ji| ≤ d for all i, and
obviously J ∈ {J1, J2, · · · , Jy}. If |⋃y

i=1 Ji| ≤ k − d as desired, then we are
done. If |⋃y

i=1 Ji| ≥ k− d+1, then there must exist an integer � with 2 ≤ � ≤ y
satisfying

k − d+ 1 ≤ |
�⋃

i=1

Ji| ≤ k

because of |Ji| ≤ d and k ≥ 2d. Let |⋃�
i=1 Ji| = q. Since 2d − 1 − (k −

q) ≥ d, by Lemma 2, M is also a (q, d, n)-selector. Subject to the q columns

associated with the set
⋃�

i=1 Ji, the submatrix of M contains at least d distinct
rows of the identity matrix Iq. That means at least d suspicious candidates that
appear separately and individually in some rows without any other suspicious
candidates of

⋃�
i=1 Ji. For the coincidence of the syndromes of J1, J2, · · · , J�,

each of these d or more suspicious candidates must belong to every Ji for 1 ≤
i ≤ �, a contradiction to the assumption that Ji’s are pairwise distinct sets with
|Ji| ≤ d for each i. Hence, we can determine a set D′ =

⋃y
i=1 Ji of cardinality

at most k − d, as desired. �
By Theorem 4 with k = 4d− 2 and Theorem 3, we have the following result.



Group Testing with Multiple Mutually-Obscuring Positives 563

Corollary 1. There exists a two-stage group testing algorithm for the MMOP
problem that classifies all types of positives, and uses at most O(d log(n/d)) tests.

Note that for the particular case s = 1 (indeed the classic group testing problem)
this result can be found in [22,23,24,25].

3.1 Improved Upper Bounds on the Size of (k,m, n)-Selectors

In this subsection, we exploit three different probabilistic methods to derive
upper bounds on the size of (k,m, n)-selectors and present numerical results of
these bounds and that in [6] for comparison. The three probabilistic methods
can also be found in several studies [14,12,21,22,33,34] on different combinatorial
structures.

Definition 5. A matrix [mij ] is strongly (d, r)-disjunct if for any two disjoint
sets C1 and C2 of columns with |C1| = d and |C2| = r, there exists a row k and a
column c ∈ C2 such that mkc = 1 and mkj = 0 for all j ∈ C1 ∪ C2 \ {c}.

Theorem 5. A (k,m, n)-selector is the same as a strongly (m− 1, k −m+ 1)-
disjunct matrix of n columns.

Proof. Suppose that M is a (k,m, n)-selector. For any two disjoint sets C1 and
C2 of columns with |C1| = m − 1 and |C2| = k −m + 1, the submatrix MC1∪C2

subject to C1 ∪ C2 must contain m distinct rows of an identity matrix Ik, by the
definition of (k,m, n)-selectors. Therefore, there exists at least one row i and a
column c ∈ C2 (by pigeonhole principle) such that mic = 1 and mij = 0 for all
j ∈ C1 ∪ C2 \ {c}, as desired.

Suppose that M is a strongly (m−1, k−m+1)-disjunct matrix of n columns.
For any fixed set K of k columns, we want to find m distinct rows of the
identity matrix Ik in MK. Partition arbitrarily K into two disjoint sets C1 =
{c1,1, c1,2, · · · , c1,m−1} and C2 = K \ C1 with |C1| = m− 1 and |C2| = k −m+ 1,
then we can find a row i1 and a column c2,1 ∈ C2, such that mi1c2,1 = 1 and
mi1j = 0 for all j ∈ C1∪C2\{c2,1} since M is strongly (m−1, k−m+1)-disjunct.
Exchanging the column c1,1 with c2,1 such that C1 = {c2,1, c1,2, · · · , c1,m−1} and
C2 = K \ C1, similarly we can find another row i2 and a column c2,2 ∈ C2 sat-
isfying the desired property, as in row i1. Notice that the column c2,2 chosen
from C2 must be different from the column c2,1 which is in the updated C1.
Keep doing this process until c1,j’s are all removed to C2, we then obtain a set
{i1, i2, · · · , im} of m distinct rows of the identity matrix Ik in MK. Hence M is
a (k,m, n)-selector. �

Next, we derive upper bounds by probabilistic methods on the minimum
number of rows of strongly (d, r)-disjunct matrices, and consequently on the
minimum size of selectors. Construct a t1×2n 0−1 matrix M where each entry
is defined to be 1 with probability p and 0 with probability 1 − p. We say that
a column cj is unsatisfied if there exists two disjoint sets C1 and C2 of columns
with cj ∈ C1 ∪ C2, |C1| = d and |C2| = r such that Definition 5 is not true for
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any row. Then, given a fixed column cj, the probability of the event that cj is
unsatisfied is

P (cj is unsatisfied) =
(

2n−1
d+r−1

)(
d+r
d

) [
1− rp(1− p)d+r−1

]t1
. (1)

By simple technique of calculus, we take p = 1
d+r to minimize Equation (1) and

obtain

P (cj is unsatisfied) =
(

2n−1
d+r−1

)(
d+r
d

) [
1− r

d+r · (d+r−1
d+r )d+r−1

]t1
. (2)

Setting

t1 =
ln(

(
2n−1
d+r−1

)(
d+r
d

)
)

− ln(1− r
d+r · (d+r−1

d+r )d+r−1)
+ ln 2, (3)

the right-hand side of (2) is less than 1/2, which implies that the expected value
of the total number of unsatisfied columns in the matrix M does not exceed n.
Hence, there must exist a matrix which is strongly (d, r)-disjunct and of size
t1 × n.

Secondly, we construct a random t2 × n 0 − 1 matrix M where each entry is
defined to be 1 with probability 1

d+r and 0 with probability 1− 1
d+r . Let C1 and

C2 be two disjoint sets of columns with |C1| = d and |C2| = r. Similarly, we say
that the pair (C1,C2) is unsatisfied if this pair does not satisfy the requirement
of Definition 5. Then the probability of the event that (C1,C2) is unsatisfied is

P ((C1,C2) is unsatisfied) =
[
1− r

d+r · (d+r−1
d+r )d+r−1

]t2
. (4)

Hence the expected value of the total number of unsatisfied pairs in the matrix
M is

E[unsatisfied pairs] =

(
n

d+ r

)(
d+ r

d

)[

1− r

d+ r
· (d+ r − 1

d+ r
)d+r−1

]t2
. (5)

Setting

t2 =
ln(

(
n

d+r

)(
d+r
d

)
)

− ln(1− r
d+r · (d+r−1

d+r )d+r−1)
, (6)

the right-hand side of Equation (5) is less than 1, which implies that the proba-
bility of the existence of a strongly (d, r)-disjunct matrix of size t2×n is greater
than 0. Thus, there exists a strongly (d, r)-disjunct matrix of size t2 × n.
Remark: The above argument can be further extended to a high probability ver-

sion. Given 0 < ε < 1, if we require t.2 =
ln(( n

d+r)(
d+r
d ))−ln ε

− ln(1− r
d+r ·( d+r−1

d+r )d+r−1)
, then Equation

(5) is less than ε, which implies the desired probability is greater than 1 − ε.
This means that a strongly (d, r)-disjunct matrix can be efficiently constructed
with probability as high as desired.

Thirdly, we will apply the Lovász Local Lemma to derive an upper bound
on the number of rows of a strongly (d, r)-disjunct matrix. The Lovász Local
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Lemma first proved by Erdős and Lovász is a powerful tool to prove the existence
of combinatorial structures satisfying a prescribed collection of criteria. Here is
the lemma in a symmetric form.

Lemma 3. Let A1, A2, · · · , AN be events in an arbitrary probability space with
P (Ai) ≤ p for all 1 ≤ i ≤ N . Suppose that each event is mutually independent
of all the other events except for at most μ of them. If ep(μ+ 1) ≤ 1, then

P

(
N⋂

i=1

Ai

)

> 0,

where e denotes the base of natural logarithms.

Let M = (mij) be a random t3 × n 0 − 1 matrix with P (mij = 1) = 1
d+r ,

P (mij = 0) = 1 − 1
d+r , and the entries mij are mutually pairwise independent.

For any two disjoint sets C1 and C2 of columns with |C1| = d and |C2| = r, let
AC1,C2 be the event that (C1,C2) is unsatisfied. Obviously,

P. (AC1,C2) =

[

1− r

d+ r
· (d+ r − 1

d+ r
)d+r−1

]t3

and

μ+ 1 =

[(
n

d+ r

)(
d+ r

d

)

−
(
n− d− r

d+ r

)(
d+ r

d

)]

.

Setting

t3 =
ln
[(

n
d+r

)(
d+r
d

)− (
n−d−r
d+r

)(
d+r
d

)]
+ 1

− ln(1− r
d+r · (d+r−1

d+r )d+r−1)
, (7)

we have ep(μ+ 1) ≤ 1, and thus by Lemma 3 the desired probability is greater
than 0. Consequently, there exists a strongly (d, r)-disjunct matrix of size t3×n.

Remark: the purpose of the subsection is to exploit three known methods
to derive upper bounds on the length of selectors and to compare the obtained
bounds with the one by De Bonis et al. which is the best known result in
general cases. Although the obtained results are not as strong as we like (they
are asymptotically same), from another point of view, following a conventional
analysis in the survey [23], the rate limt→∞ log n

t derived from the t1 bound can
be shown the best one among all the other ones.

The comparison in the following is based on their original forms, not simplified
forms (asymptotic forms). The motivation is in calling awareness to the existence
of better results and the alternative constructions (randomness approach).

We now present numerical results of the bounds proposed in this section and
that of De Bonis et al. [6] with some parameters. For the sake of fairness, the
bound of De Bonis et al. we use for comparison is the original form

ts =

(
n

n/k

)

(k −m+ 1)
(

n−k
n/k−1

)

[

ln

((
k − 1

k −m

)(
n/k

1

)(
n− n/k

k − 1

))

+ 1

]

,
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where k = d+r and m = d+1 in our setting of strongly (d, r)-disjunct matrices,
in the proof in [6, Theorem 1]. The following tables present some numerical
results to compare the bounds for some specific parameters. The numerical
results show that our constructions are slightly better than the currently best
known result by De Bonis et al. [6], at least for the considered parameters.

Table 1 lists the number t of rows obtained by the proposed methods for the
case of n = 300 and d = 3. As shown, setting r an integer close to d seems to
be the best choice to get a small number of required tests.

Table 1. The number of rows needed for fixed parameters n = 300 and d = 3

n d r t1 t2 t3 ts
300 3 1 175 188 171 186
300 3 2 142 145 137 153
300 3 3 138 136 131 148
300 3 4 140 136 132 150
300 3 5 145 138 136 155
300 3 6 152 142 141 161

Table 2 lists the number of rows required for some small parameters by setting
r = d. Given a fixed n, the t2 bound is the best bound for large d, while the t3
bound is the best for small d except for the case d = 1. Notice that the bounds
t2 and t3 always yield better results than the ts bound by De Bonis et al.

Table 2. The number of rows required for the r = d case

n d r t1 t2 t3 ts min .

300 1 1 27 40 28 44 t1
300 2 2 84 90 82 98 t3
300 6 6 283 258 259 278 t2
300 7 7 327 295 297 316 t2

1000 1 1 31 48 32 54 t1
1000 2 2 99 111 98 122 t3
1000 5 5 287 276 270 302 t3
1000 12 12 666 603 604 657 t2
1000 13 13 716 646 647 702 t2
1000 20 20 1047 926 930 1001 t2
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